Abstract. It is shown that through a singular point of an affine variety we can always draw a smooth curve, which has multiplicity of intersection with the variety at least 3.
Let k be an arbitrary field. It is known that an algebraic curve C ⊂ A n can be parameterized at a simple point p by Taylor's series
where t is a local parameter. Using this parameterization, we can define multiplicity of intersection of an affine variety with the curve C at the point p. Definition. Let m be a nonnegative integer and V ⊂ A n an affine variety, given by I(V ) ⊂ k[x 1 , . . . , x n ]. Suppose that we have a curve C, smooth at a point p and with the parameterization as above. Then C meets V with multiplicity m at p if t = 0 is a zero of multiplicity at least m of the series f • G(t) for all f ∈ I(V ), and for some f , of multiplicity exactly m. We denote this multiplicity by i(p, C, V ).
This definition does not depend on the choice of the parameterization. To check it one can use the following criterion: t = 0 is a zero of multiplicity m of
The following result has a direct application to the study of affine schemes.
Theorem. Let V ⊂ A n be an affine variety and p ∈ V a singular point. Then for each v ∈ TC p V there exists a smooth curve C ⊂ A n through p, so that v ∈ T p C and i(p, C, V ) ≥ 3.
Proof. We can choose affine coordinates x 1 , . . . , x n , so that p = (0, . . . , 0). Let C be a curve through p parameterized by G(t) = t · v + t 2 · γ, where v ∈ TC p V , γ = (γ 1 , . . . , γ n ). It suffices to show that there is γ, zero or linearly independent of v, such that t = 0 is a zero of multiplicity ≥ 3 of f • G(t) for all f ∈ I(V ). In this case C will be a smooth curve with the local parameter t at p.
For each f ∈ I(V ) let l f (x) = l 1 x 1 + · · · + l n x n , q f (x) be linear and quadratic parts of f . According to this notation we define W = {(l 1 , . . . , l n , q f (v)) : f ∈ I(V )} ⊂ k n+1 , which is a subspace as I(V ) is. For all f ∈ I(V ) we have
) modulo terms of degree ≥ 3 in t. So we need to resolve equations a 1 γ 1 + · · · + a n γ n + a n+1 = 0 in variables γ 1 , . . . , γ n for all possible (a 1 , . . . , a n+1 ) ∈ W .
We have a scalar product
In terms of this scalar product we shall find (γ 1 , . . . , γ n , 1) ∈ W ⊥ := {b ∈ k n+1 : b · a = 0 for all a ∈ W }. If W ⊆ k n × {0}, then we can take γ = (0, . . . , 0) to get the required curve. Otherwise, consider the following projection π : (a 1 , . . . , a n+1 ) → (a 1 , . . . , a n , 0). And letπ : W → k n × {0} be induced by π. The projectionπ is injective, which results from the following. Since v ∈ TC p V ,
contradicting with the equality of dimensions. Thus there is a vector (γ 1 , . . . , γ n , 1) ∈ W ⊥ , i.e., l f (γ) + q f (v) = 0 for all f ∈ I(V ). We claim that this γ is linearly independent of v. Indeed, since W k n ×{0}, q f (v) = 0 for some f ∈ I(V ), which implies l f (γ) = 0. But v ∈ T p V , hence l f (v) = 0. So we have found the desired γ.
Remark 1. This result cannot be improved in the following sense. In an affine plane for the curve C 0 , given by x 2 = y 3 , and p = (0, 0) there is no smooth curve C such that i(p, C, C 0 ) ≥ 4.
Remark 2. In the case of analytic varieties the theorem is also valid.
